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Âñïîìîãàòåëüíûå óòâåðæäåíèÿ

Îïðåäåëèì ôóíêöèþ L(x) = ln lnx ïðè lnx ⩾ e è L(x) = 1 ïðè
lnx < e. Äëÿ êàæäîãî n ⩾ 1 ïîëîæèì an =

√
2nL(n).

Ëåììà 5.3

Ôóíêöèÿ b(x) = x/L(x) � íåïðåðûâíàÿ, íåîãðàíè÷åííàÿ è ñòðîãî

âîçðàñòàþùàÿ â îáëàñòè x > 0.
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Âñïîìîãàòåëüíûå óòâåðæäåíèÿ

Äîêàçàòåëüñòâî

Íåïðåðûâíîñòü è íåîãðàíè÷åííîñòü ôóíêöèè b(x) î÷åâèäíà.
Äîêàæåì, ÷òî b(x) ñòðîãî âîçðàñòàåò ïðè x > 0. Ïóñòü 0 < x < y è
lnx ⩾ e. Òàê êàê lnx ⩽ x− 1, x > 0, è

x− 1 + y = xy − (x− 1)(y − 1) < xy

ïðè x, y > 1, òî

L(y) = L
(y
x
x
)
= ln(ln(y/x) + lnx) ⩽ ln(y/x− 1 + lnx) <

< ln
(y
x
lnx

)
= L(x) + ln(y/x) ⩽ L(x) + y/x− 1 ⩽

y

x
L(x),

îòêóäà ñëåäóåò, ÷òî b(x) = x/L(x) < y/L(y) = b(y).
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Âñïîìîãàòåëüíûå óòâåðæäåíèÿ

Äîêàçàòåëüñòâî

Åñëè 0 < x < y è ln y ⩽ e, òî íåðàâåíñòâî b(x) < b(y) î÷åâèäíî. Åñëè
0 < x < y è lnx < e < ln y, òî, ïîëîæèâ y0 = ee, ïî óæå äîêàçàííîìó
ïîëó÷àåì

b(x) = x < y0 = b(y0) < b(y).
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Âñïîìîãàòåëüíûå óòâåðæäåíèÿ

Ëåììà 5.4

Ñóùåñòâóåò ïîñòîÿííàÿ C > 0 òàêàÿ, ÷òî äëÿ âñåõ n ⩾ 1

n∑
i=1

1

ai
⩽ C

n

an
, (5.7)

ãäå an =
√

2nL(n) è L(n) = max{1, ln lnn}.

Åâãåíèé Áàêëàíîâ Äîï. ãëàâû òåîðèè âåðîÿòíîñòåé ÍÃÓ, 2024 6 / 41



Âñïîìîãàòåëüíûå óòâåðæäåíèÿ

Äîêàçàòåëüñòâî

Ïîêàæåì, ÷òî äëÿ âñåõ n ⩾ 16

L(n+ 1)

L(n)
< 1 +

1

2n
. (5.8)

Èç íåðàâåíñòâà 1 + x < ex èìååì (y + x)/x = 1 + y/x < ey/x, îòêóäà
ïîëó÷àåì

ln(x+ y) < lnx+ y/x (5.9)

äëÿ âñåõ x, y > 0.
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Âñïîìîãàòåëüíûå óòâåðæäåíèÿ

Äîêàçàòåëüñòâî

Â ÷àñòíîñòè, ln(n+ 1) < lnn+ 1/n, è, åù¼ ðàç ïðèìåíÿÿ
íåðàâåíñòâî (5.9),

ln ln(n+ 1) < ln(lnn+ 1/n) < ln lnn+ 1/(n lnn). (5.10)

Ïóñòü n ⩾ 16 > ee, òîãäà lnn > e > 2, L(n) ⩾ 1, è èç (5.10) ïîëó÷àåì

L(n+ 1)

L(n)
=

ln ln(n+ 1)

ln lnn
< 1 +

1

nL(n) lnn
< 1 +

1

2n
.

Åâãåíèé Áàêëàíîâ Äîï. ãëàâû òåîðèè âåðîÿòíîñòåé ÍÃÓ, 2024 8 / 41



Âñïîìîãàòåëüíûå óòâåðæäåíèÿ

Äîêàçàòåëüñòâî

Ïðèñòóïèì ê äîêàçàòåëüñòâó (5.7). Ïóñòü n ⩾ 16. Òîãäà èç (5.8) ñ
ïîìîùüþ õîðîøî èçâåñòíîãî íåðàâåíñòâà (1 + 1/n)1/2 < 1 + 1/(2n)
ïðèõîäèì ê ñëåäóþùåé îöåíêå:

an+1

an
= (1 + 1/n)1/2

(L(n+ 1)

L(n)

)1/2
<

(
1 +

1

2n

)(
1 +

1

2n

)1/2
<

<
(
1 +

1

2n

)(
1 +

1

4n

)
= 1 +

1

n

(3
4
+

1

8n

)
< 1 +

7

8n
.
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Âñïîìîãàòåëüíûå óòâåðæäåíèÿ

Äîêàçàòåëüñòâî

Äîïóñòèì, ÷òî íåðàâåíñòâî (5.7) ñïðàâåäëèâî äëÿ íåêîòîðîãî n ⩾ 16.
Òîãäà äëÿ ëþáîé ïîñòîÿííîé C ⩾ 8

n+1∑
i=1

1

ai
⩽ C

n

an
+

1

an+1
< C

n

an+1

(
1 +

7

8n

)
+

1

an+1
⩽

⩽ C
n

an+1
(1 + (1− 1/C)/n) +

1

an+1
= C

n+ 1

an+1
,

îòêóäà ñëåäóåò ñïðàâåäëèâîñòü (5.7) äëÿ ëþáîãî n ⩾ 16.
Åñëè n < 16, òî ñïðàâåäëèâîñòü (5.7) ìîæíî äîáèòüñÿ âûáîðîì
ïîñòîÿííîé C ⩾ 8.
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Âñïîìîãàòåëüíûå óòâåðæäåíèÿ

Ëåììà 5.5

Ïóñòü λ > 1 è nk = [λk]. Òîãäà ïîñëåäîâàòåëüíîñòü {nk}k⩾1

óäîâëåòâîðÿåò ñëåäóþùèì ñâîéñòâàì: nk ↑ ∞ ïðè k → ∞, ñóùåñòâóåò

k0 ⩾ 1 òàêîå, ÷òî

ank+1
< λank

(5.11)

äëÿ âñåõ k ⩾ k0, è
∞∑

k=k0

(lnnk)
−α < ∞ (5.12)

äëÿ ëþáîãî α > 1.
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Âñïîìîãàòåëüíûå óòâåðæäåíèÿ

Äîêàçàòåëüñòâî

Èç îïðåäåëåíèÿ nk ñëåäóåò, ÷òî nk ⩽ λ
k < nk + 1 è íàéä¼òñÿ

ïîëîæèòåëüíàÿ ïîñòîÿííàÿ cλ òàêàÿ, ÷òî nk > λ
k − 1 ⩾ cλλ

k äëÿ âñåõ
k ⩾ 1 (â êà÷åñòâå cλ ìîæíî âçÿòü ëþáîå ïîëîæèòåëüíîå ÷èñëî,
ìåíüøåå 1− 1/λ). Îòñþäà ñëåäóåò, ÷òî nk ↑ ∞ è

lnnk > ln cλ + k ln λ >
k ln λ

2

äëÿ âñåõ äîñòàòî÷íî áîëüøèõ k. Òàêèì îáðàçîì, ñóùåñòâóåò k1 ⩾ 1
òàêîå, ÷òî äëÿ ëþáîãî α > 1

∞∑
k=k1

(lnnk)
−α ⩽ (2/ ln λ)α

∞∑
k=k1

k−α < ∞.
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Âñïîìîãàòåëüíûå óòâåðæäåíèÿ

Äîêàçàòåëüñòâî

Èç îïðåäåëåíèÿ nk âûòåêàåò, ÷òî nk ∼ λ
k ïðè k → ∞.

Îòñþäà ñëåäóåò, ÷òî lnnk ∼ ln λ
k è L(nk) ∼ L(λk) ïðè k → ∞.

Òàêæå çàìåòèì, ÷òî L(λk+1)/L(λk) → 1 ïðè k → ∞.
Ñëåäîâàòåëüíî, ank+1

/ank
→

√
λ < λ ïðè k → ∞, ò. å. ank+1

< λank

äëÿ âñåõ äîñòàòî÷íî áîëüøèõ k.
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Âñïîìîãàòåëüíûå óòâåðæäåíèÿ

Ëåììà 5.6

Ïóñòü {Xn}n⩾1 � ïîñëåäîâàòåëüíîñòü íåçàâèñèìûõ ñëó÷àéíûõ

âåëè÷èí. Åñëè Sn/an
P−→ 0 è äëÿ íåêîòîðûõ α > 1, β > 0, c > 0 è

n0 ⩾ 1
P(|Sn/an| ⩾ β) ⩽ c e−αL(n) (5.13)

äëÿ âñåõ n ⩾ n0, òî

lim sup
n→∞

|Sn|
an

⩽ β ï. í. (5.14)
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Âñïîìîãàòåëüíûå óòâåðæäåíèÿ

Äîêàçàòåëüñòâî

Óòâåðæäåíèå (5.14) ðàâíîñèëüíî òîìó, ÷òî

P(|Sn/an| ⩾ λβ + ε äëÿ áåñêîíå÷íî ìíîãèõ n) = 0 (5.15)

äëÿ âñåõ ε > 0 è λ > 1.
Äëÿ äîêàçàòåëüñòâà (5.15) äîñòàòî÷íî ïîêàçàòü, ÷òî

∞∑
k=1

P( max
nk<n⩽nk+1

|Sn/an| ⩾ λβ + ε) < ∞. (5.16)
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Âñïîìîãàòåëüíûå óòâåðæäåíèÿ

Äîêàçàòåëüñòâî

Òàê êàê Sn/an
P−→ 0, òî P(|Sn/an| < ε/(2λ)) ⩾ 3/4 äëÿ âñåõ äîñòàòî÷íî

áîëüøèõ n. Èç (5.11) ïîëó÷àåì

|Sn/ank
| ⩽ λ|Sn/ank+1

| ⩽ λ|Sn/an|,

îòêóäà ñëåäóåò, ÷òî

P(|Sn/ank
| < ε/2) ⩾ P(|Sn/an| < ε/(2λ)) ⩾ 3/4

äëÿ âñåõ n, nk < n ⩽ nk+1, è âñåõ äîñòàòî÷íî áîëüøèõ k.
Ñëåäîâàòåëüíî,

P(|Snk+1
/ank

| < ε/2) ⩾ 3/4

äëÿ âñåõ äîñòàòî÷íî áîëüøèõ k.
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Âñïîìîãàòåëüíûå óòâåðæäåíèÿ

Äîêàçàòåëüñòâî

Òàê êàê{
|Sn/ank

| < ε/2
}⋂{

|Snk+1
/ank

| < ε/2
}
⊆

{
|Snk+1

/ank
− Sn/ank

| < ε

}
,

òî èç ýëåìåíòàðíîãî íåðàâåíñòâà

P(A ∩B) = P(A) + P(B)− P(A ∪B) ⩾ P(A) + P(B)− 1

ïîëó÷àåì

P
(
|Snk+1

/ank
− Sn/ank

| < ε

)
⩾ 1/2 (5.17)

äëÿ âñåõ n, nk < n ⩽ nk+1, è âñåõ äîñòàòî÷íî áîëüøèõ k.
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Âñïîìîãàòåëüíûå óòâåðæäåíèÿ

Äîêàçàòåëüñòâî

Èç íåðàâåíñòâà (2.22) íåòðóäíî ïîëó÷èòü, ÷òî äëÿ âñåõ u, v > 0

P( max
1⩽k⩽n

|Sk| ⩾ u+ v) ⩽
P(|Sn| ⩾ u)

min
1⩽k⩽n

P(|Sn − Sk| < v)
. (5.18)

Òîãäà, ïðèíèìàÿ âî âíèìàíèå îöåíêó (5.17), èç (5.18) ïîëó÷àåì

P( max
nk<n⩽nk+1

|Sn/ank
| ⩾ λβ + ε) ⩽ 2P(|Snk+1

/ank
| ⩾ λβ). (5.19)

Ó÷èòûâàÿ (5.11), ïîëó÷èì äëÿ âñåõ äîñòàòî÷íî áîëüøèõ k

|Snk+1
/ank

| =
ank+1

ank

|Snk+1
/ank+1

| ⩽ λ|Snk+1
/ank+1

|.
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Âñïîìîãàòåëüíûå óòâåðæäåíèÿ

Äîêàçàòåëüñòâî

Òåïåðü èç (5.13) è (5.19) îêîí÷àòåëüíî ïîëó÷àåì

P( max
nk<n⩽nk+1

|Sn/ank
| ⩾ λβ + ε) ⩽ 2P(|Snk+1

/ank+1
| ⩾ β) ⩽ 2c e−αL(nk+1).

Çàìåòèì, ÷òî e−αL(nk) = (lnnk)
−α. Êàê áûëî ïîêàçàíî â ëåììå 5.5,

ðÿä
∞∑

k=k1

(lnnk)
−α ñõîäèòñÿ. Ñëåäîâàòåëüíî, èìååò ìåñòî (5.16), ò. å.

ñîîòíîøåíèå (5.14) äîêàçàíî.
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Âñïîìîãàòåëüíûå óòâåðæäåíèÿ

Ëåììà 5.7

Ïóñòü {Xn}n⩾1 � ïîñëåäîâàòåëüíîñòü íåçàâèñèìûõ ñëó÷àéíûõ

âåëè÷èí òàêèõ, ÷òî EXn = 0 è sup
n⩾1

EX2
n < ∞. Åñëè

|Xn| ⩽ τ(n/L(n))1/2 ï. í. äëÿ íåêîòîðîãî τ > 0 è âñåõ n ⩾ 1, òî äëÿ

âñåõ x > 0, a ⩾ (sup
n⩾1

EX2
n)

1/2 è n ⩾ 1

P(Sn/an ⩾ x) ⩽ exp
{
−
(x
a

)2
L(n)

(
2− e

√
2xτ/a2

)}
. (5.20)

Åâãåíèé Áàêëàíîâ Äîï. ãëàâû òåîðèè âåðîÿòíîñòåé ÍÃÓ, 2024 20 / 41



Âñïîìîãàòåëüíûå óòâåðæäåíèÿ

Äîêàçàòåëüñòâî

Òàê êàê ôóíêöèÿ x/L(x) âîçðàñòàåò, òî äëÿ âñåõ 1 ⩽ j ⩽ n

|Xj |
an

⩽
τ

an

( j

L(j)

)1/2
⩽

τ

an

( n

L(n)

)1/2
=

τ√
2L(n)

ï. í. (5.21)

Ïîëîæèì f(x) = ex − 1− x. Òàê êàê ezx ⩽ e|x| äëÿ âñåõ x ∈ R è
|z| ⩽ 1, òî èç ñîîòíîøåíèÿ (2.7) ñëåäóåò, ÷òî äëÿ âñåõ x ∈ R

ex ⩽ 1 + x+
x2

2
e|x|. (5.22)

Ñëåäîâàòåëüíî, èç (5.21) è (5.22) èìååì äëÿ âñåõ λ > 0

exp{λXj/an} ⩽ 1 + λ
Xj

an
+

λ
2X2

j

2a2n
exp{λτ/(

√
2L(n))} ï. í.
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Âñïîìîãàòåëüíûå óòâåðæäåíèÿ

Äîêàçàòåëüñòâî

Òàê êàê EXj = 0, EX2
j ⩽ a2 è 1 + x ⩽ ex, òî

E exp{λXj/an} ⩽ 1 +
λ
2a2

2a2n
exp{λτ/(

√
2L(n))} ⩽

⩽ exp
{

λ
2a2

2a2n
exp{λτ/(

√
2L(n))}

}
=

= exp
{

λ
2a2

4nL(n)
exp{λτ/(

√
2L(n))}

}
.
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Âñïîìîãàòåëüíûå óòâåðæäåíèÿ

Äîêàçàòåëüñòâî

Òåïåðü èç ýêñïîíåíöèàëüíîãî íåðàâåíñòâà ×åáûøåâà (1.4) ïîëó÷àåì
äëÿ âñåõ λ > 0 è x > 0

P(Sn/an ⩾ x) ⩽ e−λxEeλSn/an = e−λx
n∏

j=1

EeλXj/an =

= exp
{
− λx+

λ
2a2

4L(n)
exp{λτ/(

√
2L(n))}

}
.

Ïîëîæèâ â ïðàâîé ÷àñòè ïîñëåäíåãî íåðàâåíñòâà λ = 2xL(n)/a2,
ïîëó÷èì (5.20).
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Âñïîìîãàòåëüíûå óòâåðæäåíèÿ

Ëåììà 5.8

Ïóñòü {Xn}n⩾1 � ïîñëåäîâàòåëüíîñòü íåçàâèñèìûõ è îäèíàêîâî

ðàñïðåäåë¼ííûõ ñëó÷àéíûõ âåëè÷èí ñ EX2
1 < ∞. Òîãäà äëÿ ëþáîãî

τ > 0
1

an

n∑
j=1

XjI(|Xj | ⩾ τ(j/L(j))1/2) → 0 ï. í. (5.23)
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Âñïîìîãàòåëüíûå óòâåðæäåíèÿ

Äîêàçàòåëüñòâî

Ïîëîæèì Zn = XnI(|Xn| ⩾ τ(n/L(n))1/2).
Äëÿ äîêàçàòåëüñòâà ëåììû äîñòàòî÷íî ïîêàçàòü, ÷òî ñõîäèòñÿ ðÿä
∞∑
n=1

E|Zn|/an, ïîñêîëüêó îòñþäà ñëåäóåò ñõîäèìîñòü ñ âåðîÿòíîñòüþ 1

ðÿäà
∞∑
n=1

Zn/an è, â ñèëó ëåììû Êðîíåêåðà 3.11, ñîîòíîøåíèå (5.23).
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Äîêàçàòåëüñòâî

Îáîçíà÷èì bn = b1/2(n) = (n/L(n))1/2. Òîãäà

∞∑
n=1

E|Zn|/an =

∞∑
n=1

a−1
n E(|Xn|I(|Xn| ⩾ τbn)) =

=

∞∑
n=1

a−1
n

∞∑
j=n

E(|Xn|I(τbj ⩽ |Xn| ⩽ τbj+1)) ⩽

⩽
∞∑
n=1

a−1
n

∞∑
j=n

τbj+1P(τbj ⩽ |X1| ⩽ τbj+1) =

= τ

∞∑
j=1

bj+1P(τbj ⩽ |X1| ⩽ τbj+1)

j∑
n=1

a−1
n . (5.24)
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Äîêàçàòåëüñòâî

Â ñèëó ëåììû 5.4 ñóùåñòâóåò ïîñòîÿííàÿ C > 0 òàêàÿ, ÷òî äëÿ âñåõ
j ⩾ 1

j∑
n=1

a−1
n ⩽ C

j

aj
=

C√
2
bj .

Äàëåå, â ñèëó ëåììû 5.3 èìååì

bj+1

bj
=

(j + 1

j

L(j)

L(j + 1)

)1/2
⩽

(j + 1

j

)1/2
⩽

√
2,

ò. å. bj+1 ⩽
√
2 bj äëÿ âñåõ j ⩾ 1.
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Âñïîìîãàòåëüíûå óòâåðæäåíèÿ

Äîêàçàòåëüñòâî

Ïîäñòàâëÿÿ ïîñëåäíèå îöåíêè â (5.24), ïîëó÷àåì:

∞∑
n=1

E|Zn|/an ⩽
Cτ√
2

∞∑
j=1

bjbj+1P(τbj ⩽ |X1| ⩽ τbj+1) ⩽

⩽
C

τ

∞∑
j=1

(τbj)
2P(τbj ⩽ |X1| ⩽ τbj+1) ⩽

⩽
C

τ

∞∑
j=1

E(X2
1I(τbj ⩽ |X1| ⩽ τbj+1)) =

=
C

τ
E(X2

1I(|X1| ⩾ τb1)) ⩽
C

τ
EX2

1 < ∞.
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Âñïîìîãàòåëüíûå óòâåðæäåíèÿ

Ëåììà 5.9

Ïóñòü {Xn}n⩾1 � ïîñëåäîâàòåëüíîñòü íåçàâèñèìûõ è îäèíàêîâî

ðàñïðåäåë¼ííûõ ñëó÷àéíûõ âåëè÷èí ñ EX1 = 0 è EX2
1 = 1. Ïóñòü

öåëî÷èñëåííûå ïîñëåäîâàòåëüíîñòè {αn}n⩾1 è {mn}n⩾1 òàêîâû, ÷òî

0 < αn ↑ ∞, 1 ⩽ mn ↑ ∞,
αn

mn
→ 0 è

mn

α2
n

→ 0 ïðè n → ∞.

Òîãäà äëÿ âñåõ ε > 0 è b ∈ R

lim inf
n→∞

mn

α2
n

lnP(|Smn/αn − b| < ε) ⩾ −b2/2. (5.25)
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Âñïîìîãàòåëüíûå óòâåðæäåíèÿ

Äîêàçàòåëüñòâî

Ïóñòü x > 0. Äëÿ êàæäîãî n ⩾ 1 ïîëîæèì

pn =
[m2

nx
2

α2
n

]
, qn =

[
α
2
n

mnx2

]
, rn =

αn

xqn
.

Çàìåòèì, ÷òî ïðè n → ∞

pn ∼ r2n, pnqn ∼ mn,
qnmn

α2
n

∼ 1

x2
. (5.26)
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Âñïîìîãàòåëüíûå óòâåðæäåíèÿ

Äîêàçàòåëüñòâî

Ïóñòü δ > 0 è −∞ < c+ δ < d− δ < ∞. Òîãäà(
P
(
x(c+ δ) <

Spn

rn
< x(d− δ)

))qn
=

=

qn−1∏
j=0

P
(
x(c+ δ) <

S(j+1)pn − Sjpn

rn
< x(d− δ)

)
=

= P
( qn−1⋂

j=0

{
x(c+ δ) <

S(j+1)pn − Sjpn

rn
< x(d− δ)

})
⩽

⩽ P
(
xqn(c+ δ) <

Spnqn

rn
< xqn(d− δ)

)
= P

(
c+ δ <

Spnqn

αn
< d− δ

)
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Âñïîìîãàòåëüíûå óòâåðæäåíèÿ

Äîêàçàòåëüñòâî

è

P
(
(c+ δ) <

Spnqn

αn
< (d− δ)

)
P
(∣∣∣Smn − Spnqn

αn

∣∣∣ < δ

)
=

= P
({

(c+ δ) <
Spnqn

αn
< (d− δ)

}
∩
{∣∣∣Smn − Spnqn

αn

∣∣∣ < δ

})
⩽

⩽ P(c <
Smn

αn
< d).
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Âñïîìîãàòåëüíûå óòâåðæäåíèÿ

Äîêàçàòåëüñòâî

Îòñþäà, îáîçíà÷èâ λn = P
(∣∣Smn−Spnqn

αn

∣∣ ⩾ δ

)
, ïîëó÷àåì

lnP
(
c <

Smn

αn
< d

)
⩾ ln(1− λn) + qn lnP

(
x(c+ δ) <

Spn

rn
< x(d− δ)

)
.

(5.27)
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Äîêàçàòåëüñòâî

Èç îïðåäåëåíèÿ pn è qn ñëåäóåò, ÷òî pnqn ⩽ mn, ò. å. Smn − Spnqn åñòü
ñóììà íå áîëåå ÷åì mn íåçàâèñèìûõ è îäèíàêîâî ðàñïðåäåë¼ííûõ
ñëó÷àéíûõ âåëè÷èí Xj .
Ñëåäîâàòåëüíî, èç íåðàâåíñòâà ×åáûøåâà (1.3) èìååì:

λn ⩽
D(Smn − Spnqn)

δ2α2
n

⩽
mn

δ2α2
n

→ 0.
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Âñïîìîãàòåëüíûå óòâåðæäåíèÿ

Äîêàçàòåëüñòâî

Êàê õîðîøî èçâåñòíî èç êëàññè÷åñêîãî êóðñà òåîðèè âåðîÿòíîñòåé,
ëþáàÿ ïîñëåäîâàòåëüíîñòü íåçàâèñèìûõ è îäèíàêîâî ðàñïðåäåë¼ííûõ
ñëó÷àéíûõ âåëè÷èí ñ êîíå÷íîé íåíóëåâîé äèñïåðñèåé óäîâëåòâîðÿåò
öåíòðàëüíîé ïðåäåëüíîé òåîðåìå, ÷òî â íàøåì ñëó÷àå (EX1 = 0,
EX2

1 = 1) îçíà÷àåò ñõîäèìîñòü

P(c < Sn/
√
n < d) → P(c < Z < d)

äëÿ ëþáûõ c < d, ãäå ñëó÷àéíàÿ âåëè÷èíà Z èìååò ñòàíäàðòíîå
íîðìàëüíîå ðàñïðåäåëåíèå.
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Äîêàçàòåëüñòâî

Òàê êàê rn ∼ √
pn â ñèëó (5.26), òî äëÿ ëþáûõ c < d

P
(
c <

Spn

rn
< d

)
= P

( c rn√
pn

<
Spn√
pn

<
d rn√
pn

)
→ P(c < Z < d).

Òàêèì îáðàçîì, èç (5.27) ïîëó÷àåì

lim inf
n→∞

mn

α2
n

lnP
(
c <

Smn

αn
< d

)
⩾ lim inf

n→∞

mn

α2
n

ln(1− λn) +

+ lim inf
n→∞

qnmn

α2
n

lnP
(
x(c+ δ) <

Spn

rn
< x(d− δ)

)
=

= lim inf
n→∞

1

x2
lnP

(
x(c+ δ) <

Spn

rn
< x(d− δ)

)
=

=
1

x2
lnP(x(c+ δ) < Z < x(d− δ)).
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Äîêàçàòåëüñòâî

Îòñþäà, â ñèëó ïðîèçâîëüíîñòè δ, ñëåäóåò, ÷òî

lim inf
n→∞

mn

α2
n

lnP
(
c <

Smn

αn
< d

)
⩾

1

x2
lnP(xc < Z < xd). (5.28)
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Äîêàçàòåëüñòâî

Ïîëîæèì c = b− ε, d = b+ ε. Òîãäà

P(xc < Z < xd) = P(|Z − xb| < εx) =

εx∫
−εx

1√
2π

e−(t+xb)2/2 dt =

= e−x2b2/2

εx∫
−εx

e−txb e
−t2/2

√
2π

dt =

= P(|Z| < εx) e−x2b2/2

∞∫
−∞

e−txb p(t) dt, (5.29)

ãäå

p(t) =
e−t2/2

√
2π

I(|t| ⩽ εx)

P(|Z| < εx)
.
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Äîêàçàòåëüñòâî

Î÷åâèäíî, ÷òî p(t) � ïëîòíîñòü ðàñïðåäåëåíèÿ (íåêîòîðîé ñëó÷àéíîé
âåëè÷èíû Y ), ïðè÷¼ì

∫
R
tp(t) dt = 0. Òîãäà, â ñèëó âûïóêëîñòè

ôóíêöèè g(t) = e−xbt, t ∈ R, èç íåðàâåíñòâà Éåíñåíà (1.6) ïîëó÷àåì

∞∫
−∞

e−txb p(t) dt = Ee−xbY = Eg(Y ) ⩾ g(EY ) = g(0) = 1.

Ïîäñòàâëÿÿ ýòó îöåíêó â (5.29), ïðèõîäèì ê íåðàâåíñòâó

P(|Z − xb| < εx) ⩾ e−x2b2/2 P(|Z| < εx).
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Äîêàçàòåëüñòâî

Îòñþäà ïîëó÷àåì

1

x2
lnP(|Z − xb| < εx) ⩾ −b2

2
+

1

x2
lnP(|Z| < εx),

è, ñëåäîâàòåëüíî,

lim inf
x→∞

1

x2
lnP(|Z − xb| < εx) ⩾ −b2

2
.
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Äîêàçàòåëüñòâî

Çíà÷èò, äëÿ ëþáîãî η > 0 ìû ìîæåì âûáðàòü x0 íàñòîëüêî áîëüøèì,
÷òî äëÿ âñåõ x ⩾ x0

1

x2
lnP(|Z − xb| < εx) ⩾ −b2

2
− η.

Òåïåðü èç (5.28) ñëåäóåò, ÷òî

lim inf
n→∞

mn

α2
n

lnP(|Smn/αn − b| < ε) ⩾ −b2

2
− η,

÷òî è äîêàçûâàåò ëåììó.
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